Handout 3
STAT5710 Applied Stochastic Processes

Last time we saw that a finite chain always has a stationary distribution, but need not have a limiting
one. To characterize when limits exist we distinguish recurrent states, which are visited repeatedly,
from transient states, which may never be visited.

Throughout, {X,,} is a time-homogeneous Markov chain on a state space S with transition matrix P,
and pg) = (P"),;;- Three running examples on S = {1,2,3}:

0 3 3 010 001
1 1 1 1
00 1 11 1o}
Accessibility and communication
1. If pg-l) > 0 for some n > 0, we say
(a) state jis from state i
(b) states ¢ and j if 7 is accessible from j and j is accessible from %

Note the condition is n > 0, not n > 0: the zeroth transition counts, since P° = I.

2. Communication is an equivalence relation — it is

and

The corresponding equivalence classes are the communication classes of the chain.

3. Draw the transition graph for each of the three chains above, then record its communication
classes.



Hitting times and recurrence

4. Fix a state j. Two closely related random times:

(a) the first passage time to jis 7; = inf{ }

(b) the hitting time to j is 7; = inf { }

Both are examples of stopping times.

A worked example (Dobrow 3.22)

Return to the two-state chain,

1 2
P= 1 1—p p where p,q € (0,1)
2 qg 1l—gq

5. Show that starting from state 1, the chain returns to state 1 with probability 1.

(a) The event {7} > n} says the chain has not yet come back. Write it as an event about

X,..,X
Ty >n} = { }

y An—1-

(b) Factor the probability using the Markov property.

n—2
PIyzn|Xy=1) = HP(XkJrl:Q‘Xk:z)'P(X1:2’X0:1)
k=1 B
A
A: B:
—_ as n — 0o



6. Now find the expected time to return, using the tail-sum formula E(T) =>_ _ P(T = n) for a
nonnegative integer random variable. B

E(T | X,=1) = ZP(T12”|X0:1)

n=1

7. Previously we found the stationary distribution of this chain.

8. The expected hitting time from the other state takes a different argument: condition on X;. It
comes out shorter when the chain mixes fast, i.e. when p +¢ > 1.

E(7'1|X0:2> = 1'P(X1:1‘X0:2> + [1+E<7'1‘X1:2>]P<X1:2‘X0:2>

=1+(1-q E(r | Xy=2) = BE(r | Xy =2)=



Recurrent and transient states

Denote the probability of ever returning to j and the probability of ever hitting j from ¢ by

3

fj = and h,. =

respectively.

9. State j is

(a) recurrent if

(b) transient if

10. Let S5; <55 < -+ denote the successive visit times to state j so that S; = 7, and

Spp1 = inf{ } for k=1,2,..

(a) Then consider the total number of visits to state j, which we will denote by

(b) Now the visit count and visit times are related by N; > <« §, <

(c¢) Build up P(S,, < oo | X, =) one visit at a time.

i. Forn=1:

ii. For n > 1, use the Markov property at time S,_;, where the chain is sitting in state j,
together with time-homogeneity.

P(S, <oo|S, 1 <) = F )

iii. Chain the conditional probabilities together.

n

P(S, <oo| Xy =1i) = [[P(Sy <008, <o0)-P(S, <oo|X,=1)




(d) Sum the tail probabilities and recognize a geometric series.
E(N;| X,=i) = > P(N;>n|X,=1i) = hy
n=1 n=1
, f; <1 (j transient)
— E(N; | Xy =1) = , fj=1, hjj >0 (jrecurrent)
_ fj = 17 hij =0

So if a recurrent state is visited at all, it is visited often.

(e) Specialize to i = j, where h;; = 1.
, g transient

E<N]‘ ‘ Xo = j) -
, j recurrent

(f) Compute E(N, | X, = i) a second way, by exchanging expectation and sum.

E(Nj|X0:i) = E[il{Xn:j}‘oni] = i_o;)

o0 o0
n=0 n=0
The above results yield an alternate characterization of recurrence and transience. State j is:

« transient just in case ZZOZO p;@ < 00
e recurrent just in case Z,O:: o p;m = 0.



11. Transience and recurrence are class properties. In other words, the states in a communication
class are either all transient or all recurrent.
(r)

Proof. Suppose i communicates with j, so p;;” > 0 and pgf) > 0 for some 7, s.

(a) Apply Chapman—Kolmogorov and keep a single term of the double sum.

pi T = 3TN o e v >
k ¢

(b) Now sum over n and pull out the constants.

o0 o0 o0
STpi > Nl = Y et >
n=0

n=r+s n=0

(c) Soif jis recurrent then and if ¢ is transient then

12. A chain is irreducible if

If a finite Markov chain is irreducible, then all states are recurrent.
Proof. Suppose instead that every state is transient.
(a) By item 10(d), E(N, | Xg=1i)=__ < oo for every i and j.

(b) On the other hand, count visits a different way. Exchange the order of summation.

DN =2 > X, =5 =) ) X, =]} A=

A

S0 Zj N;=___ with probability 1.

(c) Therefore E[Zj N; | Xy =1i] = Zj E(N; | Xg=1i)=___, contradicting (a).



Periodicity

Is recurrence enough to get a limiting distribution?

Consider the deterministic cycle 1 —+ 2 — 3 — 1. It is finite and irreducible, so by the lemma above
every state is recurrent.

13. Fill in the table. Does p@ converge?

n 01 2 3 4 5 6 7 8 9 10 11 12

14. The period of state i is

ng{n>O:p§?) >0}, f;>0
d(i) =
00, fi=0
and i is aperiodic if d(i) =
Informally, the possible return times to i are all of d(i).

When 1 < d(i) < oo, passing through state i is periodic, which inhibits limiting behavior unless i is
transient.

15. Periodicity is a class property: if ¢ communicates with j, then d(i) = d(j).
Proof. By hypothesis pg) > (0 and pﬁ) > 0 for some r,s > 0.
(a) First show d(i) divides r + s.

pi =Y e 2 >0 =
k

") > 0 for some n > 0, and run the excursion ¢ — j — j — i.

(b) Now suppose p;;

p(r+s+n) > > 0 —

% =

It follows that d(i) divides n and d(i) < d(j).

(c) By the same argument with ¢ and j switched,

This completes the proof.



Limit theorem for a finite chain

Here we will develop necessary and sufficient conditions for the existence of limiting distributions. We
first provide a sufficient condition.

16. Lemma (L1). For a finite Markov chain, a strong limit exists if the chain is irreducible and
aperiodic.

It can be shown (takes work) that a chain is aperiodic and irreducible just in case Pis primitive:
(P”)ij > (0 for every i, 7 at some n. We will take this as a given.

For a primitive matrix:
i. the Perron—Frobenius eigenvalue p(P) = 1 has algebraic multiplicity 1; and
ii. |\| <1 for every other eigenvalue .

Let w be the stationary distribution and denote

L=1xT=

We claim that P* — L as n — oo.
Proof sketch.

(a) L is the projection onto the one-dimensional right eigenspace spanned by 1, which is
associated with A\ = 1. Verify that it absorbs P from either side, using P1 = 1 and

T T

™ P=x'.

(b) Now define R = P — L. Show that LR = RL = 0.

(¢) P and R have the same eigenvalues except for A = 1, since L is a projection onto the
associated eigenspace. So by (ii), it follows that

p(R) = R" —

(d) Finally expand the power, using LR = RL = 0.

P" = (L+R)" = L"+R" = —




The canonical decomposition for reducible Markov chains

Irreducibility is not necessary for a strong limit. For example,

1 0

10
P=1|, ; —  P"
11 10

All that is really needed is that the chain eventually transitions to one recurrent communication class
with probability 1.

17. A communication class C is closed if no state outside C'is accessible from within it:

pij =0 foreachie _ andj¢___

18. Recurrent classes are always closed.

Proof. Let C be a recurrent class. Take i € C' and j ¢ C, and suppose pi; > 0.

P(T, <00 | Xg=i) = S pu P(T; < 00| X, = k)
k

= ZPikP(Ti<OO|X1:k3)
ey

< Zpik =

==

<1

But f; =1 by hypothesis, so this is a contradiction.

By the argument of item 12 with S replaced by C, it is immediate that for a finite chain, a communication
class is closed if and only if it is recurrent.

19. It follows that for any finite Markov chain we may write the canonical decomposition
S=TUC,U---UC,

where T'is the set of and (4, ...,C}, are the

Relabeling states — that is, permuting the rows and columns of P together — puts the transition
matrix into canonical form:

T C Cy
T Q@ R, Ry,

P= C 0 P 0 :[% g]
Cy 0 0 P,



Now under the canonical decomposition, we have for a reducible finite chain that:

n—1

Q" Z QmRanmfl

m=0

0 B"

pPr=

20. Lemma (L2). P™ converges just in case every closed class is aperiodic.
Proof sketch. Convergence of P" reduces to convergence of the three blocks.

(a) Owing to transience, Q™1 < 1 entrywise for all n > n*. Hence

p(@Q) — = Q" — — always

(b) B is block diagonal, so B™ converges just in case P, ..., P converge. We claim that

P! converges <= () is aperiodic

We show this in two parts.

i. (<) If each C, is aperiodic, then each P; is so by Lemma L1

(2

Pt —

ii. (=) Suppose P!* converges but d(j) > 1 for some j € C;. Then

(P);; = for n mod d(j) # 0

but

(Pind(j))jj for all n > n*

which is a contradiction because

So d(j) =1 and C; is aperiodic.

(c) Lastly, write L = lim,, B" and split the off-diagonal block into an error term and a limit

term.
n—1 n—1 n—1
Z QmRanmfl —_ Z QmR(Bn—m—l _ L) + Z QmRL
m=0 m=0 m=0
A B
A— B —
So P™ converges if and only if C, ..., (), are aperiodic, and the limit is

0 (I—Q)'RA
0 A

P — , A = diag(17], ..., 17])

10



The matrix F = (I — Q) ! is called the fundamental matrix of the chain. We state the following
without proof; they are true for any finite Markov chain.

quantity interpretation

1y expected number of visits to j starting from ¢

(F1), expected time to absorption, 7~ =inf{n >0: X, ¢ T'}
(FR;1), probability of absorption into C; starting from ¢

E(T; | Xy =j) =1/m; expected return time, for j € C; U---UC},

21. Theorem (T1). For a finite Markov chain {X,, }:

i. a weak limiting distribution exists if and only if

ii. a strong limiting distribution exists if and only if

iii. a stationary distribution always exists.

Proof. Statements (i)-(ii) follow from Lemma L2; statement (iii) was established previously from
the Perron-Frobenius theorem.

22. Algorithm. To find the limiting distribution, when it exists:

(a) write Pin form;

(b) obtain the eigenvector 7} for each of Py, ..., Py;

(¢) compute

11



Back to gambler’s ruin

Here again are the three variants we simulated, on S = {0, 1,...,5} with p = %: absorbing barriers,
reflecting barriers, and holding barriers.

absorbing reflecting holding
1 1
100000 010000 §§?000
201000 201000 201000
otoioo otoioo otoioo
1 1 1 1 1 1
ooioio ooioio ooifo0io
0003041 0003041 0003041
000001 000010 000011
absorbing reflecting holding
— start0 = start2 =—— start4
—— start1 —— start3 —— start5
1.0 1.0
0.8 0.8
& 06 1 G & 06 1
0.4 0.4
0.2 1 0.2 4
0.0 0.0
T T T T T T T T T T
0 10 20 30 40 0 10 20 30 40
n (steps) n (steps) n (steps)

23. Work out whether a limit exists in each case, and if so what kind. Check your answer against the
plots.

chain communication classes closed classes periods weak / strong / none

absorbing

reflecting

holding

12
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