
Handout 6
STAT5710 Applied Stochastic Processes

Here we describe latent modeling using Markov chains. We cover the basics of hidden Markov models.

The model
A hidden Markov model is a process {𝑋𝑡} in which each observation is drawn from a distribution
determined by the current state of an unobserved Markov chain {𝑌𝑡}.

1. Fill in the two components.

(a) Given the states, the observations are conditionally independent, with

𝑋𝑡 ∣ 𝑌𝑡 = 𝑗 ∼

where 𝑓𝑗 is an emission distribution, discrete or continuous.

(b) {𝑌𝑡} is on a finite state space 𝑆 = {1, … , 𝑚}.

(c) Sketch the dependence structure, with the states along the bottom and the emissions above.

2. {𝑋𝑡} is not a Markov chain, but the pair 𝑍𝑡 = (𝑋𝑡, 𝑌𝑡) is. Write its transition density.

𝑝(𝑧𝑡 ∣ 𝑧𝑡−1) = 𝑝(𝑧𝑡 ∣ 𝑦𝑡−1) =

Let 𝜈 = (𝜈1, … , 𝜈𝑚)𝑇 denote the initial distribution of the chain, so that the model parameters are
Θ = (𝜈, 𝑃 , 𝜃).

3. Write the joint density of a sample path of pairs.

𝑓((𝑥0, 𝑦0), … , (𝑥𝑇, 𝑦𝑇) ∣ Θ) =
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The likelihood
4. Marginalize over the latent paths, then collect the sums by time and write the result as a product

of matrices.

𝐿(Θ; 𝑥0, … , 𝑥𝑇) =
𝑚

∑
𝑦0=1

⋯
𝑚

∑
𝑦𝑇=1

=

=

where 𝐹(𝑥) = diag( )

5. Reading that product from the left gives the forward recursion.

(a) 𝛼𝑡 =

(b) So the likelihood is 𝐿(Θ; 𝑥0, … , 𝑥𝑇) = , which we can evaluate for any
Θ and maximize numerically.
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Inferring the states
The MLE does not identify which state generated a particular observation. To find states, we need to
compute the posterior probability of 𝑌𝑡.

6. Split the record at 𝑡, into what happened up to 𝑡 and what happened after.

𝑃(𝑌𝑡 = 𝑗, 𝑥0, … , 𝑥𝑇) = ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝛽𝑡(𝑗)

⋅ ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝛼𝑡(𝑗)

(a) The second factor is the forward recursion from item 5. The first is given by the backward
recursion,

𝛽𝑡 =

7. Filtering gives state probabilities conditional on the path up to 𝑡.

𝛾𝑡(𝑗) ∶= 𝑃(𝑌𝑡 = 𝑗 ∣ 𝑥0, … , 𝑥𝑡) = 𝑃(𝑌𝑡 = 𝑗, 𝑥0, … , 𝑥𝑡)
𝑃 (𝑥0, … , 𝑥𝑡)

=

8. Smoothing gives state probabilities conditional on the whole path.

𝑃(𝑌𝑡 = 𝑗 ∣ 𝑥0, … , 𝑥𝑇) =
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9. So pointwise decoding gives ̂𝑌𝑡 = arg max𝑗

This minimizes expected misclassification, but may produce a path that is itself unlikely because…

10. Viterbi decoding instead maximizes 𝑃(𝑦0, … , 𝑦𝑇 ∣ 𝑥0, … , 𝑥𝑇) jointly over paths 𝑦0, … , 𝑦𝑇.

(a) Define

𝛿0(𝑗) = 𝛿𝑡(𝑗) =

(b) Then start at the end and work backwards

̂𝑌𝑇 =

̂𝑌𝑡 =
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